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Abstract
Let A2(D) be the Bergman space over the open unit disk D in the complex plane. Koren-
blum conjectured that there is an absolute constant c ∈ (0,1), such that whenever |f (z)|  |g(z)|
(f,g ∈ A2(D)) in the annulus c < |z| < 1, then ‖f ‖  ‖g‖. In 1999 Hayman proved Korenblum’s
conjecture. But the sharp value of c (we use γ to denote this sharp value) is still unknown. In this
paper we give an upper bound on γ , that is, γ < 0.67795, which improves an earlier result of the
author.
 2004 Elsevier Inc. All rights reserved.
Let D be the open unit disk in the complex plane C. The Bergman space A2(D) consists
of analytic functions f in D such that
‖f ‖ =
[∫
D
∣∣f (z)∣∣2 dA(z)
]1/2
< +∞,
where
dA(z) = 1
π
dx dy = 1
π
r dr dθ, z = x + iy = reiθ ,
is the normalized Lebesgue area measure on D. Korenblum [4] conjectured that there
is an absolute constant c, 0 < c < 1, such that whenever |f (z)|  |g(z)| in the annulus
c < |z| < 1 (f,g ∈ A2(D)), then ‖f ‖ ‖g‖.
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C. Wang / J. Math. Anal. Appl. 296 (2004) 262–264 263In 1999 Hayman [1] proved Korenblum’s conjecture. But the sharp value of c (we use
γ to denote this sharp value and call it Korenblum’s constant) is still unknown. However,
Hayman [1] gave a lower bound on γ , that is, γ  0.04. Hinkkanen [3] improved Hayman’s
result that γ  0.157 . . . . On the other hand, an upper bound on γ can be found from
Martin’s example (see [5]): γ < 0.70450 . . .. And Wang [5] gave an upper bound on γ ,
γ < 0.69472. In this paper we obtain a better upper bound, that is, γ < 0.67795.
Lemma 1 (see [2]). If f (z) =∑+∞k=0 akzk ∈ A2(D), then
‖f ‖ =
(+∞∑
k=0
|ak|2
k + 1
)1/2
.
The following theorem gives an upper bound on γ .
Theorem 1. Let
f (z) = a + zn, g(z) = z(1 + azn),
where a = 3√6/11, n = 10. Then ‖f ‖ = ‖g‖ and |f (z)|  |g(z)| in c < |z| < 1, where
c = 0.679501 . . . is the real root in (0,1) of the equation
3
√
6
11
+ z10 = z + 3
√
6
11
z11. (1)
Proof. It follows from Lemma 1 that
‖f ‖ = ‖g‖ =
√
65
11
.
On the other hand, it is easy to see that
ϕ(r) = max|z|=r
∣∣∣∣f (z)g(z)
∣∣∣∣= a + rnr(1 + arn) .
In particular, ϕ(c) = ϕ(1) = 1. Since f (z)/g(z) is analytic in c  |z| 1, the maximum
modulus theorem implies that |f (z)| |g(z)| in c < |z| < 1.
Using Mathematica to solve Eq. (1), we obtain that c = 0.679501 . . .. 
However, the upper bound above on γ is not sharp. The following theorem shows that
γ < 0.67795.
Theorem 2. Let
f (z) = a + z
n
(1 − azn)b , g(z) =
z(1 + azn)
(1 − azn)b ,
where 0 < a < 1, b 0, n ∈ N. Then |f (z)| |g(z)| in c < |z| < 1, where c is the real root
in (0,1) of the equation
a + zn = z(1 + azn). (2)
Moreover, when a = 0.666707, b = 0.4768 and n = 10, we have c = 0.67794 . . . and
‖f ‖ > ‖g‖.
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On the other hand, a direct calculation shows that∫
D
∣∣f (z)∣∣2dA(z)− ∫
D
∣∣g(z)∣∣2dA(z)
= 1
π
1∫
0
2π∫
0
a2 + 2arn cosnθ + r2n
(1 − 2arn cosnθ + a2r2n)b r dr dθ
− 1
π
1∫
0
2π∫
0
1 + 2arn cosnθ + a2r2n
(1 − 2arn cosnθ + a2r2n)b r
3 dr dθ
ρ=rn=
φ=nθ
1
nπ
1∫
0
2π∫
0
a2 + 2aρ cosφ + ρ2
(1 − 2aρ cosφ + a2ρ2)b ρ
2/n−1 dρ dφ
− 1
nπ
1∫
0
2π∫
0
1 + 2aρ cosφ + a2ρ2
(1 − 2aρ cosφ + a2ρ2)b ρ
4/n−1 dρ dφ
 1
nπ
I (a, b,n).
Using Mathematica, we obtain that when a = 0.666707, b = 0.4768 and n = 10,
c = 0.67794 . . .
and
I (a, b,n) > 0.0000378516.
Hence we have ‖f ‖ > ‖g‖. 
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